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Abstract 
Based on the first law of thermodynamics and the thermal diffusion equation, the deduced theoretical 
model of mitochondrial thermogenesis satisfies the Laplace equation and is a special case of the 
thermal diffusion equation. The model settles the long-standing question of the ability to increase 
cellular temperature by endogenous thermogenesis and explains the thermogenic characteristics of 
brown adipocytes. The model and calculations also suggest that the number of free available protons is 
the major limiting factor for endogenous thermogenesis and its speed.  
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Highlights: 
• Mitochondrial thermogenesis is a special case of the thermal diffusion equation (𝛻!𝑇 = 0) 
• The thermogenic rate is proportional to electrochemical potential energy dissipation 
• The free proton number is the limiting factor for endogenous thermogenesis and its speed  
• The theoretical model is generalized for all types of cells  
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Mitochondria are the main intracellular sites for thermogenesis, especially the mitochondria of 
brown adipocytes (BA), which have been targeted for therapy to reduce obesity. However, 
long-standing critique1 and debate2,3,4,5,6 exist on the ability to increase cellular temperature by 
endogenous thermogenesis, and a good theory of intracellular thermogenesis and temperature is 
lacking. In this work, based on the first law of thermodynamics and the thermal diffusion equation, the 
thermal physical model of a mitochondrion is deduced. We found that mitochondrial thermogenesis is 
a special case of the thermal diffusion equation, which satisfies the Laplace equation (𝛻!𝑇 = 0). 
The cell is a membrane-enclosed grand canonical ensemble of systems that exchanges both heat 
and particles with its surroundings. We use the first law of thermodynamics to show that 𝑈 = −𝑄 +𝑊        (1) 
where U is the cellular internal energy, Q is the heat dissipated to the surroundings, and W is the work 
added to the system. In this equation, the negative sign means that heat flows out of the cell. 
For a differential change, the relation in equation (1) is given by the following 𝑑𝑈 = −𝑑𝑄 + 𝑑𝑊       (2) 
For thermogenesis of BA, a cell with such a small size has limited sources for energy extraction or 
delivery compared with the amplitudes of heat (𝑑𝑄) and work (𝑑𝑊). Thus, it is acceptable to claim 
that the change in cellular internal energy (𝑑𝑈) can be neglected. 𝑑𝑈 ≈ 0          (3) 
Therefore, relation (2) is reduced to the following 𝑑𝑄 = 𝑑𝑊         (4) 
We can write the cellular work (𝑑𝑊) as the sum of various forms, such as kinetic energy and 
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potential energy: 𝑑𝑊 = −𝑝𝑑𝑉 + 𝐹𝑑𝑥 + 𝜇!𝑑𝑁!! + 𝜑!𝑑𝑞!!  (5) 
where pdV is the work performed by the volume change (dV) under pressure (p), and Fdx is the 
mechanical energy used to move a distance (dx) under force (F). In addition to kinetic energy, 
potential energy contains chemical potential (𝜇) and electric potential (𝜑) in the case of changing the 
numbers of particles (dN) or charges (dq).  
Thermogenesis in BA is executed at the mitochondrial level. A single BA contains numerous 
mitochondria, which show minimal volume change and almost no motility in such a crowded space7,8. 
It is acceptable to consider that both dV and dx are equal to zero such that we can ignore the changes 
in kinetic energy and only consider the changes in potential energy. Thus, relation (5) is reduced to the 
following 𝑑𝑊 = 𝜇!𝑑𝑁!! + 𝜑!𝑑𝑞!!      (6) 
A mitochondrion with a large negative membrane potential has the proton-motive force (pmf) for 
ATP synthase as well as motive forces (mf) for other particles, such as Ca2+, among others. Thus, we 
can write relation (6) as follows 𝑑𝑊 = 𝑝𝑚𝑓 ∙ 𝑑𝐻! +𝑚𝑓!"!! ∙ 𝑑𝐶𝑎!! +⋯  (7) 
With relations (4) and (7), we also ignore the transient changes in mitochondria, such as [Ca2+]8, 
for sustained thermogenesis such that the following applies 𝑑𝑄 = 𝑝𝑚𝑓 ∙ 𝑑𝐻!       (8) 
This equation matches the fact that the co-stimulation of neurotransmitters norepinephrine (NE) and 
ATP can effectively convert the electrochemical potential energy stored in the mitochondrial proton 
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gradient into heat via the mitochondrial uncoupling protein-1 (UCP1) in BA8.  
According to Fourier’s law, the relation between heat flux (J, heat per unit time per unit area, J s-1 
m-2) and temperature gradient (𝛻𝑇, K m-1) is written as follows: 𝐽 = −𝜅𝛻𝑇         (9) 
Fourier’s law is also stated as follows: 𝑑𝑄 = 𝐽𝐴𝑑𝑡 = −𝜅𝐴𝛻𝑇𝑑𝑡      (10) 
where dt is the time interval and A is the area. Equations (10) and (8) together give the following  𝛻𝑇 = − !"#∙!!!!"#$         (11) 
We can consider that a mitochondrion with a spherical shape and radius (r) has an area 𝐴 = 4𝜋𝑟!, 
and 𝑑𝐻!/𝑑𝑡 is clearly the proton current (𝐼!!) of the mitochondrion. The thermogenic proton current 
is directed inward and is mediated by UCP1 (𝐼!"#!) after its activation. These statements mean that we 
can rewrite the gradient expression (11) for BA thermogenesis as follows 𝛻𝑇 = − !"#!!"!! 𝐼!! = − !"#!!"!! 𝐼!"#!    (12) 
After determining the equation for the temperature gradient, we can deduce the relation between 
temperature and time by applying the thermal diffusion equation with a heat source9: 
!"!" = 𝐷𝛻!𝑇 + !!         (13) 
where D=𝜅/C is the thermal diffusivity (m2 s−1), κ is the thermal conductivity (W m−1 K−1), C is the 
volumetric heat capacity (J K−1 m−3), and heat is generated at a rate H per unit volume (W m−3, 𝐻 = 𝑃/𝑉, P is the power, and V is the volume) 
In spherical polar coordinates9, we write 𝛻!𝑇 = !!! !!" (𝑟! !"!")       (14)9 
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!"!" = 𝛻𝑇         (15) 
Because 𝑝𝑚𝑓 and 𝐼!! are not functions of radius (r) for a single mitochondrion, equations (14) 
and (15) together with equation (12) state that the thermogenesis of a mitochondrion satisfies the 
Laplace equation 𝛻!𝑇 = 0         (16) 
Thus, the thermal diffusion equation (13) for a spherical mitochondrion reduces to the following 
!"!" = !! = !!"         (17) 
Dividing both sides of equation (8) by a dt time, we write 𝑃 = !"!" = 𝑝𝑚𝑓 ∙ !!!!" = 𝑝𝑚𝑓 ∙ 𝐼!!     (18) 
Equations (17) and (18) yield that the following 
!"!" = !"#∙!!!!"         (19) 
In the resting state of BA, without stimulation of sympathetic transmitters, UCP1 is inactivated by 
purine nucleotides. The BA or mitochondrion has a steady state described according to equation (19) 
as follows 𝐼!! = 𝐼!"#! = 0        (20) !"!" = 0          (21) 
In the thermogenic state, it is clear that the proton current is not zero and is mediated by the 
activated UCP1 such that equation (19) states the following 𝐼!! = 𝐼!"#! ≠ 0        (22) !"!" ≠ 0          (23) 
Using the steady state to discuss the thermogenic state leads to an ~10-5 gap between Baffou’s 
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model and well-known facts1. In our previous paper7, we noted Baffou’s mistakes and properly 
applied equation (17) for theoretical estimation of the maximum rate of mitochondrial temperature 
change. The theoretical estimation matched well with the experimental result7. 
After constructing the thermogenic model as a function of time (equation 19), we can further 
discuss the thermogenic characteristics of BA, such as the thermogenic capacity of the mitochondrion 
and the limiting factors for BA thermogenesis. 
To estimate the temperature profiles of mitochondria, we must know 𝑝𝑚𝑓 ∙ 𝐼!! in equation (19). 
Mitchell’s chemiosmotic theory states the following 𝑝𝑚𝑓 = 𝛥𝜓 − 2.3𝑅𝑇/𝐹 ∙ 𝛥𝑝𝐻     (24) 
where 𝛥𝜓 is the electrical gradient, 𝛥𝑝𝐻 is the proton gradient, R is the gas constant, T is the 
temperature in Kelvin, and F is the Faraday constant. The mitochondrial 𝑝𝑚𝑓 is ~200 mV. For a 
single mitochondrion of BA under thermogenesis, the inward thermogenic proton current is the current 
of the mitoplast, which is mediated by UCP1 (𝐼!"#!). It is known that mitoplasts typically have 
membrane capacitances of 0.5-1.2 pF and proton current (𝐼!"#!) densities of 60-110 pA/pF10.  
If defining the change rate of mitochondrial temperature (!"!") as a measurement of the thermogenic 
capacitance in BA, by taking the proton current of mitochondrion as 100 pA and the mitochondrial 
volume as 1 µm3, we obtain a theoretical rate of mitochondrial !"!"  of ~4.8 K s-1 based on equation 
(19). 
The maximum experimental thermogenic capacitance of BA is comparable to 10 µM 
CCCP-induced thermogenesis8. However, the measured maximum rate7 of mitochondrial !"!"  is ~0.06 
K s-1, which suggests that the proton current (𝐼!!) is a limiting factor for BA thermogenesis. For the 
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maximum transient rate of mitochondrial !"!" , an initial transient [Ca2+] change in mitochondria evoked 
by stimulation of sympathetic transmitters8 should be counted (equations 6 and 7), which also makes a 
comparable contribution.  
A proton current of 100 pA means that a single mitochondrion consumes 6.24x108 protons per 
second and that a single BA with ~1000 mitochondria requires 6.24x1011 proton (~1 pmol) per second. 
Clearly, free cellular protons are the major limiting factor for thermogenesis, which was 
experimentally supported by the cytosol alkylation during BA thermogenesis8.  
In equation (3), the change in cellular internal energy is claimed to be negligible. For verification, 
we calculated the numbers of free available protons, which are ~6.3x102 in a mitochondrion and ~105 
in a BA with a diameter of 20 µm and a cytosol pH of 7.4, Thus, we indeed confirmed that 𝑑𝑈 can be 
neglected for sustained thermogenesis. Additionally, 𝑑𝑈 ≈ 0  suggests that the increased 
mitochondrial or cellular temperatures must be balanced and compensated by selected 
intra-mitochondrial or intracellular energy changes, such as exergonic reactions of NADH (52.6 kcal 
mol-1) and FADH2 (43.4 kcal mol-1), which were also experimentally supported by NADH and FADH2 
consumption during BA thermogenesis8. 
Consequently, the gap between the maximum experimental !"!"  and the theoretical !"!"  suggests 
that thermogenesis of BA uses less than 1% of its thermogenic capacity. In addition, as illustrated in 
Figure 1, the results demonstrated that the overall averaged !"!"  was less than ~0.005 K s-1. In reality, a 
single BA might only consume ~10-3-10-2 pmol proton per second for sustained thermogenesis in BA 
(Figure 1). Furthermore, depolarization of the mitochondrial membrane potential and cytosol 
alkylation during BA thermogenesis8 suggest that the value of 𝑝𝑚𝑓 ∙ 𝐼!! is a factor of self-restriction 
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for thermogenesis. 
 
Figure 1 Change profiles of mitochondrial temperature in BA under stimulation starting from 0 min of 
0.1 µM NE without (black line) or with (red line) 10 µM ATP-induced thermogenesis in BA8.  
 
In summary, BA and its mitochondria are heat-producing micro-machines with a high efficacy 
limited by free proton pools. The thermogenic model (equation 19) and calculations suggest that BA 
thermogenesis relies on hydrogen and energy sources such as glucose, water, fatty acid, NADH, and 
FADH2. One mol glucose and 6 mol water together can supply 24 mol protons in the tricarboxylic acid 
cycle. Even if glucose is supplied at a rate11 of 0.18 pmol h−1 cell−1 without tens or hundreds of times 
the glucose uptake in BA under stimulation12,13, it is sufficient to sustain thermogenesis in BA.  
!"!" = 𝜂 !"#∙!!!!"          (25) 
Finally, the thermogenic model of mitochondria (equation 19) can be generalized as shown in 
equation (25) by multiplying the thermogenic efficiency (𝜂). The thermogenesis of BA under NE and 
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ATP co-stimulation is a special case (𝜂 = 1) for equation (25). In general, of the potential free energy 
in glucose, approximately 40 percent is conserved in ATP in mitochondrial oxidative phosphorylation, 
and thus, the value of 𝜂 is approximately 0.6 for all other cell types except erythrocytes (𝜂 = 0), 
which lack mitochondria. Interestingly, NE stimulation alone activates the proton-pumping ATPase 
function of mitochondrial complex V in BA8, so that NE-stimulated BA show a variety of responses 
(heating, constant temperature or occasionally cooling) and a low efficacy of thermogenesis8. 
Consequently, the phenomena and equation (25) restate that the limiting factor for the capability of 
intracellular thermogenesis is the net proton current (𝐼!!) of proton outflow by proton pumps and 
proton leakage by UCP1 or other uncoupling factors. 
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Methods 
The thermogenic model (equation 19) overcomes obstacles related to the ability to increase 
cellular temperature by endogenous thermogenesis. Therefore, quantification is needed, which has not 
been performed in our previous works. Thus, the temperatures were calculated and converted from our 
previous data8,7. The calculation was based on the relation (equation 25) between temperature (T) and 
the normalized intensity ratio (nr) of thermosensitive and thermoneutral mitochondrial dyes7. !! − !!!"# = − !!!! ∙ ln 𝑛𝑟  (25) 
where kB is the Boltzmann constant, and Ea is the measured activation energy (~6.55 kcal/mol)7.  
